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The creation of solitons of the derivative nonlinear Schrödinger equation with nonvanishing boundary
conditions from a boxlike initial pulse is considered. The inverse scattering transform is used. An equation for
soliton eigenvalues is obtained. It is shown that simultaneous generation of breathers �solitons with internal
oscillations� and one-parametric �nonoscillating� bright or dark solitons is possible. For some sets of initial
parameters only breathers or only one-parametric solitons emerge. No more than three bright solitons can
emerge �possibly, simultaneously with breathers� in any case, while dark solitons or breathers can arise in
arbitrary number when the corresponding thresholds are exceeded. Analytical estimates for the number of
generated solitons and the corresponding thresholds are given in some particular cases.
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I. INTRODUCTION

The derivative nonlinear Schrödinger equation �DNLSE�
��= ±1�

i�tu + �x
2u + i��x��u�2u� = 0 �1�

arises in two important physical areas—in space plasma
physics and in nonlinear optics. First, Eq. �1� describes
modulated small-amplitude nonlinear Alfvén waves in a low-
� �the ratio of kinetic to magnetic pressure� plasma, propa-
gating parallel �1–3� or at a small angle �4,5� to the ambient
magnetic field. In this case u= �By ± iBz� /B0 denotes the
transverse magnetic field perturbation normalized by the am-
bient magnetic field B0, where t and x are normalized time
and space coordinates, respectively. The DNLS equation also
describes large-amplitude magnetohydrodynamic waves in a
high-� plasma, propagating at an arbitrary angle to the am-
bient magnetic field �6�. Second, the DNLS equation �1� is
related to the modified nonlinear Schrödinger �MNLS� equa-
tion �where �= ±1 corresponds to the abnormal �normal�
group velocity dispersion �GVD� region�

i��� +
�

2
��

2� + is������2�� + ���2� = 0 �2�

by a simple gaugelike transformation

���,�� = u�x,t�exp��it�/�4s4� + �i�x�/�2s2�� , �3�

where �= ��x� / �2s�+ t / �2s3� and �= ��t� / �2s2�. In turn, the
MNLS equation describes the propagation of ultrashort fem-
tosecond nonlinear pulses in optical fibers, when the spectral
width of the pulses becomes comparable with the carrier fre-
quency, and, in addition to the usual Kerr nonlinearity, the
effect of self-steepening of the pulse should be taken into
account �7�. In this case, u�x , t� is the normalized slowly
varying amplitude of the complex field envelope, t is the
normalized propagation distance along the fiber, and x is the

normalized time measured in a frame of reference moving
with the pulse at the group velocity.

Equation �1� is completed by the boundary conditions:
vanishing �u→0 as �x�→�� or nonvanishing ��u�→�
=const as �x�→�� at infinity. In both cases the DNLSE is
integrable by the inverse scattering transform �IST� �8,9�,
and admits N-soliton solutions �10�. The IST formalism for
the DNLSE with nonvanishing boundary conditions is much
more complicated than the one for vanishing boundary con-
ditions. Analytical properties of the Jost solutions in this case
are formulated on the Riemann sheets of the spectral param-
eter �9�. Recently, Chen and Lam �11� developed the IST for
the DNLSE with nonvanishing boundary conditions by intro-
ducing an affine parameter to avoid constructing the Rie-
mann sheets.

The nonvanishing boundary conditions are important in
physical applications. For example, in space plasma physics
the vanishing boundary conditions are relevant only for the
case of propagation of Alfvén waves strictly parallel to the
ambient magnetic field. In nonlinear optics the nonvanishing
boundary conditions can support propagation of dark solitons
in both normal and abnormal GVD regions �11�.

The aim of this paper is to consider generation of solitons
by a bounded boxlike initial profile in the DNLSE with non-
vanishing boundary conditions. This task is one of the few
for which the corresponding Cauchy problem allows an ana-
lytical consideration. Though analogous tasks for the nonlin-
ear Schrödinger equation �NLSE� were solved long ago
�12–15�, we show that evolution of the rectangular initial
pulses in the DNLSE with nonvanishing boundary conditions
is highly nontrivial and significantly different from all known
results. Unlike the NLSE or the DNLSE with vanishing
boundary conditions, one-soliton solution of the DNLSE
with nonvanishing boundary conditions represents a breather
�oscillating soliton� �11�. The “usual” �i.e., nonoscillating�
solitons correspond to degenerate breathers, when the real
part of the one-soliton eigenvalue is zero. We show that
nonoscillating solitons and breathers can arise simulta-
neously. For some sets of initial parameters only breathers or
only the usual solitons �bright or dark� emerge. The dynam-*Electronic address: vlashkin@kinr.kiev.ua
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ics of soliton generation strongly depends on parameters of
the initial boxlike profile and the background, and it turns out
to be quite interesting. For example, we demonstrate that no
more than three bright usual solitons can emerge in any case,
while dark solitons or breathers can arise in arbitrary num-
ber.

Without loss of generality, we will consider the nonvan-
ishing boundary conditions in the form

u → � exp�±2i	� as x → ± � . �4�

We also put �=1, since the case �=−1 can be obtained from
the former by a transformation x→−x.

The paper is organized as follows. In Sec. II we give
necessary information about spectral problems associated
with the DNLSE with nonvanishing boundary conditions.
Tnen, equations for the Jost solutions for the case of an ar-
bitrary initial bounded profile are derived, and the scattering
coefficients are presented in terms of these Jost solutions. A
boxlike initial profile is considerd in Sec. III, and an explicit
equation determining the discrete spectrum of the spectral
problem is obtained. Then, some particular cases are inves-
tigated in more detail. The conclusion is made in Sec. IV.

II. BASIC EQUATIONS

According to Ref. �8� the direct scattering problem corre-
sponding to Eq. �1� is

�
1

�x
= − i�2
1 + �u
2,

�
2

�x
= − �u*
1 + i�2
2, �5�

where � is a spectral parameter. The asymptotics of the Jost
solutions of the spectral problem �5� with the boundary con-
ditions �4� are �11�

� → e−i	�3� 1

−
i�



	e−ik�
�x as x → − � , �6�

� → ei	�3�a�
�e−ikx − b�
�
i�



eikx

b�
�eikx − a�
�
i�



e−ikx	 as x → � , �7�

where an affine parameter 
 and the function k�
� have been
introduced by the relations

� =
1

2


 −

�2



�, k�
� =

1

2


 +

�2



���
� . �8�

In Eqs. �6� and �7�, �= �
1 ,
2�T and a�
� and b�
� are the
scattering coefficients.

A generic initial profile will reshape itself into a set of N
solitons and continuous radiation �quasilinear modes�. The
latter always disperses away and decays, while the solitons
will propagate as coherent units. Solitons correspond to the

discrete spectrum of the problem �5�. The number of emerg-
ing solitons N is equal to the number of zeros 
n=� exp��n

+ i�n� of the coefficient a�
� with �n�0, 0��n�� /2,
where n=1, 2, … . The parameters �n and �n represent the
parameters of the nth soliton. The corresponding one-soliton
solution Eq. �A1� is given in the Appendix. In the general
case, when �n�0, the soliton is usually called a two-
parametric soliton. It represents a soliton with internal oscil-
lations �a breather�. When �n→0, there is only one param-
eter �n characterizing the soliton, and it is called a one-
parametric soliton. The one-parametric solution is presented
by Eq. �A8�. There are two types of one-parametric solitons,
bright and dark. In bright solitons �u���, while in dark soli-
tons �u���.

Let us consider the case when the initial profile u is dif-
ferent from background only in some finite region in x, so
that at t=0 we have

u�x,0� = ��e−2i	, − � � x � 0,

u0�x� , 0 � x � l ,

�e2i	, l � x � � .

 �9�

Note that such a profile is quite natural from the practical
point of view, since, in reality, input optical pulses always
have finite duration. For Alfvén waves in magnetized
plasma, the profile �9� represents an initial tangential discon-
tinuity of the magnetic field perturbation, which is a typical
situation for nonlinear plasma magnetohydrodynamics �16�.
In a space plasma, magnetic holes and magnetic decreases
bounded by tangential discontinuities were observed experi-
mentally �17�.

The continuity conditions for ��x� at x=0 and l yield,
respectively,

��0,
� = e−i	�3� 1

−
i�



	 , �10�

��l,
� = ei	�3�ae−ikl − b
i�



eikl

beikl − a
i�



e−ikl	 . �11�

Now the scattering coefficients depend on the parameter l.
From Eqs. �5� one can obtain the following equation:

d2
1

dl2 −
u�0

u0

d
1

dl
+ �2
�u0�2 − i

u�0

u0
+ �2�
1 = 0, �12�

where u0=u0�l�, u�0=du0 /dl. Equation �12� is completed by
the “initial” �at l=0� conditions


1�l = 0,
� = e−i	, �13�

�d
1�l,
�
dl

�
l=0

= − i�2e−i	 − i�u0
�



ei	, �14�

which follow from Eqs. �5� and �10�. The equation for 
2�l�
is obtained by complex conjugation of Eq. �12�. The corre-
sponding initial conditions are
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2�l = 0,
� = −
i�



ei	, �15�

�d
2�l,
�
dl

�
l=0

= − �u0
*e−i	 + �2�



ei	. �16�

As follows from Eq. �11�, the coefficient a�
� is connected
with 
1�l ,
� and 
2�l ,
� by the relation

a�
�
1 +
�2


2�e−ik�
�l = 
1�l,
�e−i	 +
i�




2�l,
�ei	. �17�

Having determined 
1�l ,
� and 
2�l ,
� from Eqs. �12�–�16�,
one can get an equation determining the zeros of a�
� �i.e.,
the soliton eigenvalues�.

III. BOXLIKE PROFILE

Analytical solutions of Eqs. �12�–�16� are possible only in
a few simple cases. Consider the case of a boxlike profile,
i.e., when u0�x�=u0exp�iq�, where u0 is a constant real am-
plitude and q is a constant phase. In this case the equations
for 
1 and 
2 can be easily solved. The solutions are


1�l,
� = e−i	cos�Bl� − i�
�e−i	 + u0
�



ei	+iq� sin�Bl�

B
,

�18�


2�l,
� = −
i�



ei	cos�Bl� + �
�

�



ei	 − u0e−i	−iq� sin�Bl�

B
,

�19�

where B=��u0
2+�2. Therefore, as follows from Eq. �17�, the

zeros of a�
� are determined from the equation

�����2e2i	 − 
2e−2i	� − 2u0�
 cos q�
i��2e2i	 + 
2e−2i	�

tan�Bl� = B . �20�

Solitons correspond to the roots 
n=� exp��n+ i�n� with
�n�0, 0��n�� /2. Denoting �=�+ i� and introducing the
variables r=�l1/2, s=u0l1/2, one can rewrite Eq. �20� in the
form

tan D

D
=

i cosh�2i	 − ��
r sinh ��r sinh � sinh�2i	 − �� − s cos q�

,

�21�

where

D = r sinh ��r2sinh2� + s2. �22�

In the asymptotics t→� the field u�x , t� will represent a set
of solitons with the parameters ��n ,�n�. In the general case,
when �n�0, the soliton with the parameters �n and �n is
actually a breather �oscillating soliton� with period

Tn =
2�

�2tanh�2�n��cosh2�2�n� + cos2�2�n��
�23�

and velocity

vn = 2�2 − �2cos�2�n�
cosh�4�n�
cosh�2�n�

. �24�

A. Phase jump

As the first example let us consider the simplest case
when l=0, i.e., the initial profile is

u�x,0� = ��e−2i	, − � � x � 0,

�e2i	, 0 � x � � .
� �25�

In this case we have just a phase step on a constant back-
ground. Then, as follows from Eq. �20�, the equation deter-
mining the zeros of a�
� is

�2e2i	 + 
2e−2i	 = 0. �26�

Having solved Eq. �26�, one can see that there is only one
soliton with the parameters

�1 = 0, �1 = 2	 + �/2, �27�

provided that 2	�0. The velocity of the soliton is

v1 = 2�2 + �2cos�4	� . �28�

No soliton appears if 2	�0.
The soliton with parameters �27� is the one-parametric

soliton described by Eq. �A8�. The question arises: What
kind of soliton, bright or dark, emerges in our case? Since
�u�x ,0��2−�2=0, this problem is not quite trivial. According
to Eq. �A8�, we should determine �=sgn�sin 
0�. The case
�=−1 �1� corresponds to a bright �dark� soliton. The param-
eters x0 and 
0 of the nth soliton �in our case n=1� can be
found �11� from the coefficient

cn�0� =
bn�0�
ȧ�
n�

�29�

where ȧ�
�=�a /�
 and bn�0� is the coefficient of proportion-
ality between the two fundamental solutions of Eq. �5� evalu-
ated at 
=
n and t=0,

��x,
n,0� = bn�0���x,
n,0� , �30�

where ��x ,
� is the Jost solution with the asymptotics Eqs.
�6� and �7�, and the second fundamental solution ��x ,
�
= ��1 ,�2�T has the asymptotics �11�

� → ei	�3�−
i�




1
	eik�
�x as x → � , �31�

� → e−i	�3�− b*�
�e−ikx − a�
�
i�



eikx

a�
�eikx + b*�
�
i�



e−ikx 	 as x → − � .

�32�

The coefficient c1�0� is connected with x0 and 
0 by the
relation
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c1�0� =
2k�
1�

i
1
* sin�2�1�e�x0+i
0. �33�

As follows from Eqs. �6�, �7�, �25�, �31�, and �32� exact
explicit expressions for the Jost solutions and the coefficient
a�
� are

� = � e−i	

−
i�



ei		, � = �−

i�



ei	

e−i	 	 , �34�

and

a�
� =
e−2i	 + ��2/
2�e2i	

1 + �2/
2 . �35�

From Eqs. �29�, �30�, and �35� one can get b1�0�=−1 and
c1�0�= i��1−cos 4	�. Comparing the latter expression with
Eq. �33� we have 
0=−2	, where −� /2�2	�0, and there-
fore

� = sgn�sin 
0� = 1. �36�

Thus, the dark soliton emerges.
Figure 1 shows the results of numerical solution of Eq. �1�

for the initial condition given by Eq. �25� with �=2 and 	
= ±0.25. The simulations were performed in a box of length
L=60. The function U=u exp�−4i	x /L� is periodic in this
box and periodic boundary conditions were imposed on U.
Spatial discretization was based on the pseudospectral
method �18�. Temporal discretization included the implicit
Crank-Nicholson scheme. Spectral resolution was 1024 in-
cluding the dealiased modes. One can see that, in accordance
with the analysis presented above, solitons do not emerge if
the phase 	 is positive, 	�0. On the other hand, the only
dark soliton appears if 	�0. The velocity of the soliton,
estimated from Figs. 1�c� and 1�d�, is in good agreement
with the analytical prediction Eq. �28�.

B. Black box

Second, we consider the case when the initial field is ab-
sent in a region of length l, i.e., u0=0 �s=0�. Then Eq. �21�
takes the form

tan�r2sinh2��tanh�2i	 − �� = i . �37�

Separating the real and imaginary parts in Eq. �37�, one can
show that �=0 and the parameter � is determined from the
equation

��n + 1/2� + 2	 = �n + r2sin2�n, �38�

where n=0, 1, 2 …. Hence, only one-parametric solitons can
be generated. Since �u�x ,0��2−�2�0, these solitons are the
dark ones. The parameter �n determines the amplitude of the
nth soliton �see Eq. �A8��. One can see that the solitons exist
if

− �/2 � �n + 2	 � r2. �39�

As follows from Eq. �38�, the number N of emerging solitons
is

N = � r2 − 2	

�
� + 1, �40�

where � � means the integer part. One sees that at least one
soliton always arises if r2�2	. If the condition

r2 � ��n + 1/2� + 2	 �41�

is met, one can get the following analytical estimate for the
parameter �n:

�n =
�1 + 4r2���n + 1/2� + 2	� − 1

2r2 . �42�

The condition �41� means that Eq. �42� is valid for consider-
ing the lowest eigenvalues with n�N. Under this we have
�n�1.

FIG. 1. Numerical solution of Eq. �1� for the
initial profile Eq. �25� at �=2 and 	= ±0.25. �a�
Initial state at t=0. �b� The solution at time t=3
for the positive phase 	=0.25. No soliton ap-
pears. �c� and �d� Dark soliton solution at t=3
and 4, respectively. The phase 	=−0.25 is
negative.
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C. General case

The parameter � is connected with the amplitude of the
soliton, and setting �=0 in Eq. �21�, we get for the threshold
value of � �provided that ��0�

�th = arcsinh
−
s

r
cos 2	 cos q�1/2

. �43�

This means, in particular, that two-parametric solitons are
possible only if cos q�0. The dependence of the soliton ei-
genvalues �n=�n+ i�n, obtained from numerical solution of
Eq. �20�, on s for r=0.7, 	=� /8 �note that sin 2	�0�, q
=2 is presented in Fig. 2. The five first roots n=1,… ,5 are
shown. Only breathers �since all roots have ��0� are gen-
erated for this set of parameters. Results of direct nuumerical
simulations of the original Eq. �1� for the boxlike initial con-
dition with the same parameters as in Fig. 2 and several
different values of s are presented in Fig. 3. The simulations
were performed in a box of length L=80. The numerical
solutions are shown for time t=4. One can see that the num-
ber of emerging solitons is in full agreement with the results
presented in Fig. 2. For example, no soliton appears if s=1
�Fig. 3�a��, and two solitons emerge �Fig. 3�c�� if s=6 �these
solitons correspond to the roots numbered 1 and 2 in Fig. 2�.

Since Eq. �21� is a transcendental equation with complex
coefficients, it is reasonable to expect that, as a rule, its roots

have nonzero real part. This corresponds to two-parametric
�breather� soliton generation. We show below that one-
parametric solitons can also be generated in a sufficiently
wide range of input parameters. Setting �=0 in Eq. �21� and
denoting z=sin �, we can write �provided that sin ��0� an
equation determining the parameter � for one-parametric
solitons in the form

F�z� = G�z� , �44�

where we have introduced the functions

F�z� =
tanh�rz�s2 − r2z2�

�s2 − r2z2�z sin 2	 + cos 2	�1 − z2�
�45�

and

G�z� = −
1

rz�sin 2	�1 − z2 − z cos 2	� + s cos q
�46�

with 0�z�1. Consider some cases separately.

1. Case I

This is the case

s2 � r2, sin 2	 � 0. �47�

First we assume

r2sin22	 + 2rs cos q cos 2	 � 4r2s2cos2q , �48�

so that G�z� has no singularity on �0; 1�. In this case, as one
can show, the function G�z� has one minimum at zmin

=cos 	. Under this,

G�0� = −
1

s cos q
, G�1� = −

1

�s cos q − r cos 2	�
. �49�

On the other hand, the function F�z� monotonically increases
from z=0 to zs=cos 2	, has a singularity at z=zs, and mono-
tonically increases from z=zs to z=1. Under this,

FIG. 2. The dependence of the soliton eigenvalues �n=�n+ i�n

on s for r=0.7, 	=� /8, q=2. The five first roots n=1,… ,5 are
shown. In �a�, the parameter �n is plotted. In �b�, the corresponding
�n is plotted. Only breathers are generated for this set of
parameters.

FIG. 3. Numerical solution of
Eq. �1� at time t=4 for boxlike
initial state with parameters r
=0.7, 	=� /8, q=2 �the same as
in Fig. 2� and different values of s.
�a� No solitons. �b� One soliton.
�c� Two solitons. �d� Three
solitons.
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F�0� = 0, F�1� =
tanh�r�s2 − r2�

sin 2	�s2 − r2
� 0. �50�

Taking into account that zmin�zs, and comparing the graph-
ics of F�z� and G�z�, one can see that there is one root �1 of
Eq. �44� if cos q�0. Under this, �1�2	. If cos q�0, there
is one root �1�2	 if F�1��G�1�, and there are two roots �1

and �2 if F�1��G�1�. If the inequality �48� is violated, the
function G�z� has a singularity. A straightforward analysis
shows that in this case Eq. �44� has only one root for both
cos q�0 and cos q�0. As was said above, two-parametric
solitons are possible only if cos q�0. Thus, if conditions
�47� and cos q�0 are met, one or two bright �since s�r�
one-parametric solitons emerge. If cos q�0, then, generally
speaking, aside from the one bright soliton, which always
arises, breathers can be generated. The number of breathers
�possibly, zero� and the corresponding eigenvalues depends
on s ,r ,	, and q and can be found from Eq. �21� only numeri-
cally. The dependence of the soliton eigenvalues �n=�n
+ i�n on s for r=0.7, 	=−� /8, q=2 is presented in Fig. 4.
The four first roots n=1,… ,4 are shown. The root numbered
1 corresponds to the one-parametric soliton. The other roots
correspond to breathers. The number of breathers increases
with increasing parameter s.

2. Case II

This is the case

s2 � r2, sin 2	 � 0. �51�

As in case I we first assume that condition �48� holds. Then
the function G�z� has one maximum at zmax=sin 	 and

G�zmax� = −
1

r sin2	 + s cos q
. �52�

Boundary values of G�z� are given by Eq. �49�. The function
F�z� has no singularities and F�z��0. One can immediately
conclude that if G�zmax��0 and the condition �48� is met,
there are two possibilities: only breathers are generated if
cos q�0 �this case is presented in Fig. 1� and no solitons
appears if cos q�0. A tedious but straightforward analysis
shows that the function F�z� can have no more than two
extrema on �0;1�. Therefore, no more than three one-
parametric solitons can be generated in the case Eq. �51�.

This result remains unchanged if the condition �48� is vio-
lated, and the function G�z� has a singularity. This situation
is presented in Fig. 5, where the dependence of the soliton
eigenvalues �n=�n+ i�n on s is shown for r=0.7, 	=� /8,
and q=2.8. The six first roots n=1,… ,6 are shown. The
roots numbered 1, 5, and 6 correspond to one-parametric
solitons. The other roots correspond to breathers.

3. Case III

This is the case

s2 � r2. �53�

The behavior of the function G�z� for sin 2	�0 and sin 2	
�0 is the same as in the cases I and II, respectively. The
function F�z� has tangentlike singularities. As one can see
from Eq. �45�, the number nsing of the singularities is

nsing = � r2�1 − s2/r2 − �/2

�
� , �54�

where � � means the integer part. Since G�z� has on �0;1�
either one extremum or one singularity, the number of roots
of Eq. �44�, N, is no less then nsing. On the other hand, an
analysis similar to that made above shows that N�nsing+3.
Thus, the number of emerging one-parametric dark �since s
�r� solitons N satisfies

nsing � N � nsing + 3. �55�

Note that Eq. �55� with s=0 is in agreement with Eq. �40�.
Simultaneously breathers can emerge if cos q�0. Unlike
cases I and II, an arbitrary number of one-parametric solitons
arises if the corresponding threshold conditions are met. The
dependence of zn=sin �n on the parameter s /r for r=5, 	
=� /8, and q=1 is presented in Fig. 6. Since cos q�0, only
one-parametric solitons are generated. No more than eight
dark solitons are possible for this set of parameters. The
number of solitons for the given s /r is in accordance with
Eq. �55� and can be estimated as nsing+1.

D. Initial pulse consisting of several boxes

In this subsection we describe how to obtain an equation
determining soliton eigenvalues in the case when the initial
profile consists of several, say M, separately located boxes.

FIG. 4. The dependence of the soliton eigenvalues �n=�n+ i�n

on s for r=0.7, 	=−� /8, q=2. The four first roots n=1,… ,4 are
shown. In �a�, the parameter �n is plotted. In �b�, the corresponding
�n is plotted; root numbered 1 has �=0 �and corresponds to a one-
parametric soliton�.

FIG. 5. The dependence of the soliton eigenvalues �n=�n+ i�n

on s for r=0.7, 	=� /8, q=2.8. The six first roots n=1,… ,6 are
shown. In �a�, the parameter �n is plotted. In �b�, the corresponding
�n is plotted; roots numbered 1, 5, and 6 have �=0 �and correspond
to one-parametric solitons�.
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Let each of the boxes be characterized by u0,j, the phase qj,
and the pair �x2j−1 ,x2j�, where x2j−1 and x2j are the start and
the end points of the jth box, respectively �j=1,… ,M�, so
that lj =x2j −x2j−1 is the length of the jth box, and let x1
�x2�x3�…�x2M. Then it is necessary to calculate the
coefficients aj�
� and bj�
� of the monodromy matrix

Sj = 
aj − bj
*

bj aj
* � �56�

separately for each of the boxes. An equation for bj�
� can be
obtained from Eq. �11� in the same way as an equation for
aj�
�. Under this, the initial conditions Eqs. �13�–�16� are
slightly modified, and the coefficients aj�
� and bj�
� depend
on x2j−1 and x2j �we had x1=0, x2= l�. The resulting mono-
dromy matrix �for all boxes�, from which one can extract the
coefficient a�
� that we need, is just the product �ordered� of
these separate monodromy matrices:

S = �
j=1

M

Sj . �57�

Then, the equation for soliton eigenvalues is a�
�=0.

IV. CONCLUSION

In this paper we have studied the possibility of soliton
generation by a boxlike initial pulse for the derivative non-
linear Schrödinger equation with nonvanishing boundary
conditions. Generation of two types of solitons is possible:
breathers �two-parametric solitons� and one-parametric soli-
tons �bright or dark�. Equations for Jost solutions and an
expression for the transmission coefficient a�
�, determining
the soliton eigenvalues, were derived for bounded initial pro-
files of arbitrary form. An explicit equation for the soliton
eigenvalues was obtained in the case of a boxlike initial con-
dition. We have shown that, generally speaking, the creation
of solitons takes place without a threshold with respect to the
area under the initial intensity profile. An even phase step on
a constant background results in only the one-parametric
dark soliton emerging, if the phase decreases �no solitons
appear in the opposite case�. In the general case, simulta-

neous generation of breathers and one-parametric solitons is
possible. For some sets of initial parameters only breathers
or only the usual solitons �bright or dark� emerge. For ex-
ample, no breathers can be generated if the phase q of the
initial profile satisfies cos q�0. Similarly, in the case of the
absence of an initial field �black box� it was shown that only
one-parametric dark solitons can emerge, and depending on
the background parameters the number of emerging solitons
was determined �one can say that in this case the solitons are
generated only by the background�. The dynamics of soliton
generation strongly depends on the parameters of the initial
boxlike profile and the background, and it turns out to be
quite nontrivial. For example, it was demonstrated that no
more than three bright solitons can emerge in any case, while
dark solitons can arise in arbitrary number.

The results obtained in this paper can be directly applied
to Alfvén solitons in magnetized plasma �1–6�, or, after the
gaugelike transformation Eq. �3� of the initial condition �see
Eq. �2��, to ultrashort femtosecond nonlinear pulses in opti-
cal fibers �7�.

APPENDIX ONE-SOLITON SOLUTION

The one-soliton solution of Eq. �1� �with �=1� for bound-
ary conditions Eq. �4� is �11�

u�x,t� = �
AB

�B*�2 , �A1�

where

A = sinh 2�1cosh�z + 2�1 + 3i�1 − ln sinh 2�1�

+ sin 2�1sinh�3�1 − i
� , �A2�

B = sinh 2�1cosh�z + 2�1 − i�1 − ln sinh 2�1�

− sin 2�1sinh��1 + i
� , �A3�

with

z = ��x − vt − x0�, 
 = ��x − wt� + 
0, �A4�

� = �2sinh 2�1cos 2�1, � = �2cosh 2�1sin 2�1, �A5�

v = 2�2 − �2cos 2�1
cosh 4�1

cosh 2�1
, �A6�

w = 2�2 − �2cosh 2�1
cos 4�1

cos 2�1
. �A7�

If �1→0 and 
0�n� �n is an integer�, from Eq. �A1� we
get the one-parametric soliton solution

u�x,t� = ��1 −
2� cos2�1

sinh�z + i�1� + �
� , �A8�

where x0 has been redefined by absorbing
ln�2 sin�2�1��sin 
0�� /� into x0, and �=sgn�sin 
0�. The case
�=−1 �1� corresponds to the bright �dark� soliton.

FIG. 6. The dependence of soliton eigenvalues zn=sin �n �n
=1,… ,8� on s /r for r=5, 	=� /8, q=1. Only one-parametric soli-
tons are generated in this case.
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